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The impact of a rigid sphere on a homogeneous, isotropic elastic half-space in the absence
of friction and adhesion is considered. The inﬂuence of the superseismic stage immediately
following the moment of ﬁrst contact upon the impact process is investigated in the frame
of the Hertzian impact theory. The ﬁrst order asymptotic approximation for the contact
force in a three-dimensional dynamic contact problem with the slowly moving contact
zone boundary is obtained and the corresponding asymptotic model of impact is devel-
oped. The motion of the indenter as it indents and rebounds from the elastic medium is
analytically described. Explicit formulas are derived for the peak indentation depth, contact
time, and rebound velocity as functions of the initial impact velocity, indenter mass, and
characteristics of the elastic half-space.
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Dynamic contact problems involving impact of a rigid body on an elastic medium are of considerable practical interest.
Examples of their applications may be found, for instance, in the ﬁeld of drop-weight test based identiﬁcation of elastic char-
acteristics (Ruta and Szydło, 2005).
The problem of impact of a spherical indenter on an elastic half-space is reduced to a nonstationary contact problem with
a variable domain for imposing boundary conditions. Moreover, the speed vCðtÞ of the contact zone boundary CðtÞ is not gi-
ven a priori.
It is known (Simonov, 1967; Thompson and Robinson, 1977) that during indentation of convex weakly-curved punches in
an elastic half-space, there always exists the so-called superseismic (or supersonic) stage ð0 < t 6 tÞ in which vCðtÞP c1,
where c1 is the speed of longitudinal waves. During the superseismic stage of impact, the contact zone grows faster than
the maximum speed of wave propagation in the elastic medium and, therefore, the surface of the elastic half-space outside
the contact is undisturbed. The impact of blunt punches in the superseismic stage was investigated analytically by Thomp-
son and Robinson (1977) and Borodich (2000). Subsurface stresses and strains in the elastic mediumwere calculated by Yang
and Komvopoulos (2005) by means of the ﬁnite element method. Johnson (1985) noted that the superseismic stage occupies
an insigniﬁcant fraction of the total contact time, however, this statement was not supported by analytical investigations.
The impact process over a longer time interval ð0 < t 6 T; t < TÞ including the subsonic stage was considered by Popov
(1990) and Gorshkov and Tarlakovskii (1995). Using different approaches, they presented numerical results for special cases
of impact of a spherical indenter. FEM simulations were performed by Andersson and Nilsson (1995) and Wu (2001). Ana-
lytical analysis and ﬁnite element simulations of the impact process of a sharp indenter were given by Andrews et al. (2002).. All rights reserved.
Foundation for Basic Research (07-08-00527).
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by Streator (2003). Different aspects of impact problems were reviewed by Kubenko (2004) and Adda-Bedia and Llewellyn
Smith (2006).
Tsai (1971) and Andersson and Nilsson (1995) developed different approximate perturbation methods for solving low
velocity impact problems. The contact stresses were written as the sum of the Hertz contact stresses and wave-effect inte-
grals. The problem for the additional contact pressure is reduced to solving an Fredholm integral equation of the ﬁrst kind.
In the present paper, we analytically investigate the inﬂuence of the superseismic stage upon the Hertzian impact pro-
cess. Furthermore, following Argatov (2006), we construct the ﬁrst order asymptotic approximation for the contact force
in a dynamic contact problem with a moving contact zone boundary. Using the obtained asymptotic solution, we propose
a reﬁnement for the Hertzian impact theory. The constructed asymptotic model is valid in the case of a relatively heavy in-
denter. Finally, we apply asymptotic method to obtain explicit formulas for the duration of impact, peak indentation depth,
and rebound velocity.
2. Problem statement
We consider the impact of a rigid spherical indenter of radius R on a homogeneous, isotropic elastic half-space in the ab-
sence of friction. The indenter has a mass m and contacts the elastic semi-inﬁnite body at an initial velocity V0 normal to its
surface. The elastic properties of the elastic body are characterized by Young’s modulus, E, and Poisson’s ratio, m.
Let xðtÞ ¼ ðx1; x2Þ :
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
< aðtÞ
n o
be the open region of contact between the spherical indenter and the elastic body
where aðtÞ is the radius of the contact region.
The force QðtÞ that the indenter exerts on the surface of the semi-inﬁnite elastic body is given byQðtÞ ¼
Z Z
xðtÞ
pðt; yÞdy; ð1Þwhere pðt;xÞ;x 2 xðtÞ, is the contact pressure distribution.
During the impact, the motion hðtÞ of the indenter is governed by Newton’s second lawm _VðtÞ ¼ QðtÞ; ð2Þ
VðtÞ ¼ _hðtÞ ð3Þwith initial conditionshð0Þ ¼ 0; Vð0Þ ¼ V0: ð4Þ
The motion of the indenter has two phases: an indentation phase when the indenter is moving into the elastic medium
and a rebound phase corresponding to the movement in the opposite direction. In turn, the indentation phase will be divided
into two stages: a superseismic stage (see Fig. 1) and a stage of subsonic motion (see Fig. 2).
3. Superseismic stage of contact
3.1. Governing equations
Let CðtÞ be the contour of the domain xðtÞ. By vCðtÞ denote the speed of CðtÞ along the surface of the elastic half-space,
measured along the normal to CðtÞ.
It is not hard to show that during indentation of convex weakly-curved punches into an elastic medium, there always
exists a time interval ð0; tÞ on which vCðtÞ exceeds the maximum speed of wave propagation in the elastic medium, c1.
In the superseismic stage, perturbations of the elastic half-space are concentrated in the contact region.
For t 2 ð0; tÞ, the following simple relationship for the instantaneous value of the contact force QðtÞ is valid (Simonov,
1967; Thompson and Robinson, 1977):Fig. 1. The superseismic stage of impact.
Fig. 2. The subsonic stage of impact.
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Here, q is the density of the elastic medium, c1 is the speed of propagation of the longitudinal waves in the elastic medium.
In the frictionless dynamic contact problem for a spherical indenter, we haveSðtÞ ¼ paðtÞ2; ð6Þ
aðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2RhðtÞ
q
: ð7ÞHere, hðtÞ is the depth of indentation of the indenter apex, which is given by the formulahðtÞ ¼
Z t
0
VðsÞds:Substituting (5) into Eq. (2), we obtainm _VðtÞ ¼ qc1VðtÞSðtÞ; ð8Þ
where we have (see formulas (3), (6) and (7))SðtÞ ¼ 2pRhðtÞ: ð9Þ
The solution to the problem (8), (9), (4)2 was presented by Borodich (2000) in the following form:hðtÞ ¼ 2V0
K
eKt  1
eKt þ 1 ; ð10Þ
VðtÞ ¼ 4V0 e
Kt
ðeKt þ 1Þ2
; ð11Þ
QðtÞ ¼ 4V0mK e
2Kt  eKt
ðeKt þ 1Þ3
: ð12ÞHere we introduced the notationK ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pqc1V0R
m
r
: ð13ÞThe contact ceases to be superseismic when the outward velocity of point on the expanding perimeter of contact zone de-
creases to the longitudinal wave speed, i.e., whenvCðtÞ ¼ c1; ð14Þ
where vCðtÞ is given by the formulavCðtÞ ¼ _aðtÞ: ð15Þ
Substituting (7) into Eq. (15), we getvCðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
2hðtÞ
s
VðtÞ: ð16ÞSubstituting (16), (10), (11) into Eq. (14), we derive the equatione2Kt ðe2Kt  1ÞðeKt þ 1Þ2 ¼ 8a: ð17Þ
An important dimensionless parameter, a, is deﬁned as follows:
5038 I.I. Argatov / International Journal of Solids and Structures 45 (2008) 5035–5048a ¼ KRV0
2c21
; ð18Þ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pqR3
m
s
V0
c1
 3=2
: ð19ÞRecall that Eq. (17) deﬁnes implicitly the maximum time, t, for which Eqs. (10)–(12) may be applied.
3.2. Asymptotic analysis of the solution in the superseismic stage
Consider the asymptotic behavior of the solution of Eq. (17) in two limit situations as a! 0 and a! þ1. The procedure
of asymptotic analysis involves solving the following preliminary equation:ðx2  1Þðxþ 1Þ2
x2
¼ 8a: ð20ÞIt is easy to prove that Eq. (20) has a unique solution, x, for any a > 0 such that x ! 1 as a! 0 and x ! þ1 as a! þ1.
Actually, we havex ¼
1þ aþ 12a2  14a3  38a4 þ 14a5 þ 1532a6  1132a7  91128a8 þ 3564a9 þ Oða10Þ; a! 0;ﬃﬃﬃﬃﬃﬃ
8a
p
 1þ 1
2
ﬃﬃﬃﬃ
8a
p þ 18aþ 118ð8aÞ3=2 þ 1ð8aÞ2 þ Oða5=2Þ; a! þ1:
(
ð21ÞNow, substituting expansions (21) into the equationt ¼ 1K ln x; ð22Þand taking into account formula (18), we obtain2c21
RV0
t ¼
1 512a2 þ 920a4  143224a6 þ 595576a8 þ Oða10Þ; a! 0;
a1 ln
ﬃﬃﬃﬃﬃﬃ
8a
p
 1
2
ﬃﬃ
2
p a3=2 þ Oða5=2Þ; a! þ1:
(
ð23ÞFurthermore, substituting expansions (21) into formula (10), we ﬁnd h ¼ hðtÞ in the form2c21
RV20
h ¼
1 12a2 þ 916a4  1316a6 þ 8564a8 þ Oða10Þ; a! 0;
2a1 
ﬃﬃﬃ
2
p
a3=2 þ 1
8
ﬃﬃ
2
p a5=2 þ Oða3Þ; a! þ1:
(
ð24ÞFrom formulas (21) and (11), we ﬁnd V ¼ VðtÞ in the following form:V
V0
¼
1 14a2 þ 14a4  1132a6 þ 3564a8 þ Oða10Þ; a! 0;ﬃﬃﬃ
2
p
a1=2  12a1  18 ﬃﬃ2p a3=2 þ Oða2Þ; a! þ1:
(
ð25ÞNote that analogous expressions can be also derived from formulas (21), (12) for the ﬁnal value of the contact force QðtÞ at
the end of the superseismic stage.
On the basis of the obtained asymptotic expansions (23)–(25), we can construct the following two-point Padé approxi-
mations (see e.g., Andrianov and Awrejcewicz, 2001):2c21
RV0
t ¼ 24 10a
2 þ 11a4  24a5 þ 48
ﬃﬃﬃ
2
p
a11=2 ln
ﬃﬃﬃﬃﬃﬃ
8a
p
24þ 48
ﬃﬃﬃ
2
p
a13=2
; ð26Þ
2c21
RV20
h ¼ 4 2a
2 þ 5a4  36a5 þ 36
ﬃﬃﬃ
2
p
a11=2
4þ 18
ﬃﬃﬃ
2
p
a13=2
; ð27Þ
V
V0
¼ 8
ﬃﬃﬃ
2
p
 2
ﬃﬃﬃ
2
p
a2 þ
ﬃﬃﬃ
2
p
a3  a4  4
ﬃﬃﬃ
2
p
a9=2 þ 16a5
8
ﬃﬃﬃ
2
p
ð1þ a11=2Þ : ð28ÞWe emphasize that approximations (26)–(28) possess the relative error of 2%. Fig. 3 shows the behavior of the exact solution
V=V0, its Padé approximation (28), and the asymptotic expansions (25), respectively.
3.3. Reﬁnement of the Hertzian theory of impact
Suppose that the motion of the indenter during the second stage of the indentation phase of impact as well as during the
rebound phase is described by the governing equation of the Hertzian theorym
d2h
dt2
¼ kh3=2; ð29Þ
Fig. 3. Variation of the indenter’s speed at the end of the superseismic stage.
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ﬃﬃﬃ
R
p
3ð1 m2Þ : ð30ÞTaking into account the superseismic stage of impact, we impose the following initial conditions:hðtÞ ¼ h; VðtÞ ¼ V: ð31Þ
Now the energy integral takes the formV2  V2 ¼
4k
5m
ðh5=2  h5=2 Þ: ð32ÞThe maximum value of the depth of indentation of the indenter is given byhmax ¼ hHmax
V2
V20
þ 4k
5mV20
h5=2
 !2=5
; ð33ÞwherehHmax ¼
5mV20
4k
 !2=5
: ð34ÞIn view of formulas (19), (30) and the well-known relationc1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 mÞE
ð1 2mÞð1þ mÞq
s
;we can rewrite formula (33) in the following way:hmax ¼ hHmax
V2
V20
þ n1a2 2c
2
1
RV20
h
 !5=20@
1
A
2=5
: ð35ÞHere we introduced the notationn1 ¼ 2
ﬃﬃﬃ
2
p
ð1 2mÞ
15pð1 mÞ2
:Substituting expressions (24) and (25) into formula (35), we obtainhmax
hHmax
¼ 1
1
2 n1
 
a2 þ 14a3 þ Oða4Þ; a! 0;
4
ﬃﬃﬃ
2
p
n1a1=2 þ ð2 10n1Þa1 
ﬃﬃﬃ
2
p
a3=2 þ Oða2Þ; a! þ1:
(
ð36ÞThe indentation–time curve is found from Eq. (32) by integration, thus
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V0
hmax
hHmax
 !5=4 Z h
h
dnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðn=hmaxÞ5=2
q ¼ t  t:
The duration of impact,T ¼ hmax
hHmax
 !1=4
TH þ t  h
H
max
V0
hmax
hHmax
 !1=4 Z h=hmax
0
duﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=2
p ; ð37Þwhere (C being the gamma function)TH ¼ 2I0 h
H
max
V0
; ð38Þ
I0 ¼
Z 1
0
duﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=2
p ¼ 2
ﬃﬃﬃ
p
p
5
Cð2=5Þ
Cð9=10Þ  1:4716: ð39ÞFrom relations (33), (34), (24) and (25), it follows thath
hmax
¼ n
2=5
1 a4=5 þ Oða14=5Þ; a! 0;
1 1
5
ﬃﬃ
2
p
n1
ﬃﬃ
a
p þ Oða1Þ; a! þ1:
(
ð40ÞIn view of relations (40), we getZ h=hmax
0
duﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=2
p ¼ n
2=5
1 a4=5 þ Oða12=5Þ; a! 0;
I0 þ Oða1=4Þ; a! þ1:
(
ð41ÞFinally, combining (36), (37) and (41), we ﬁndT
TH
¼ 1þ
1
4
1
2 n1
 
a2 þ Oða12=5Þ; a! 0;
2
ﬃﬃﬃ
2
p
n1a1=8 þ Oða1=8Þ; a! þ1:
(
ð42ÞFrom the ﬁrst expansions (36), (42), we see that the inﬂuence of the superseismic stage upon the impact process is not sub-
stantial for small values of the parameter a and, consequently, may reasonably be neglected. However, the second expan-
sions (36), (42) show that for large values of the parameter a, deﬁned by formula (19), the superseismic stage plays a
signiﬁcant role in the impact process and, therefore, the Hertzian formulas should be used with caution in the case of a rel-
atively lightweight indenter.
Recall that the Hertz theory of impact is based on Hertz’s solution of the static contact problem which assumes static
equilibrium during the indentation of a spherical indenter into an elastic half-space. Imposing the initial conditions (31),
we fully take into consideration the inﬂuence of the superseismic stage upon the impact process. At the same time, the Hertz
equation (29) completely ignores elastodynamic interactions occurring for some time after the superseismic stage. This
intermediate stage of impact was investigated by Adda-Bedia and Llewellyn Smith (2006) in the framework of the so-called
acoustic model. It was shown that the contact pressure distribution undergoes a substantial transformation from the super-
sonic distribution of the superseismic stage to the Hertz subsonic distribution of the quasistatic stage. However, the equation
of motion of the indenter operates with the integral characteristics of the contact pressure. Hence, the inﬂuence of the inter-
mediate stage of impact upon the governing equation of impact is smoothed due to integration of the contact pressure den-
sity over the contact domain.
4. Asymptotic model of subsonic impact
4.1. Asymptotic representation of the integral operator for dynamic contact problems
According to the solution of Lamb’s problem, the contact pressure distribution pðt;xÞ satisﬁes the following integral equa-
tion (Gorshkov and Tarlakovskii, 1995):ðDpÞðt;xÞ ¼ hðtÞ  ð2RÞ1ðx21 þ x22Þ; ðx1; x2Þ 2 xðtÞ: ð43Þ
Here, hðtÞ is the variable vertical displacement of the spherical indenter, D is the linear integral operator acting by the formulaðDpÞðt;xÞ ¼
Z t
0
Z Z
xðsÞ
o
oðt  sÞG3ðt  s; j x y jÞpðs; yÞdyds: ð44ÞBy G3ðt; rÞ, we denote the vertical displacement of points of the free surface of an elastic half-space under the action of a unit-
step point load that is suddenly applied at the origin at the initial time instant t ¼ 0 and retains its value from then on. The
following representation is valid (Richards, 1979):
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r
c1
 
þ 1
2
H t  r
c2
 
þ f12 c2tr
 
H t  r
c1
 
H
r
c2
 t
 
 f23 c2tr
 
H t  r
c2
 
H
r
c3
 t
  
: ð45ÞHere, HðtÞ is the Heaviside function, c1 and c2 are the longitudinal and the shear wave speeds, c3 is the Rayleigh wave speed,
T3ðrÞ ¼ #r1 is the vertical displacement of points of the free surface of an elastic half-space under the action of a static unit
point load in the Boussinesq problem, # ¼ ðpEÞ1ð1 m2Þ. Functions f12ðxÞ and f23ðxÞ are given by Richards (1979) in a closed
elementary form.
We putG3ðt; rÞ ¼ T3ðrÞ þ g3ðt; rÞ: ð46Þ
Substituting (46) into (44), we obtainðDpÞðt;xÞ ¼
Z t
0
Z Z
xðsÞ
o
oðt  sÞ g3ðt  s; j x y jÞpðs; yÞð Þ þ g3ðt  s; j x y jÞ
op
os ðs; yÞ
	 

dyds: ð47ÞUsing the formulao
os
Z Z
xðsÞ
f ðs; yÞdy ¼
Z Z
xðsÞ
of
os
ðs; yÞdy þ
Z
CðsÞ
f ðs; yÞvCðsÞds;we derive from (47) the following representation:ðDpÞðt;xÞ ¼
Z t
0
o
oðt  sÞ
Z Z
xðsÞ
g3ðt  s; j x y jÞpðs; yÞdy 
Z
CðsÞ
g3ðt  s; j x y jÞpðs; yÞvCðsÞds
(
þ
Z Z
xðsÞ
g3ðt  s; j x y jÞ
op
os
ðs; yÞdy
)
ds: ð48ÞThe second integral in the right-hand side of (48) vanishes, because the contact pressure density equals zero on the contour
CðsÞ of the contact area xðsÞ, i.e., pðs; yÞ ¼ 0 for j y j¼ aðsÞ and s 2 ð0; tÞ. Integrating by parts in (48), we getðDpÞðt;xÞ ¼ 
Z Z
xðtÞ
g3ð0; j x y jÞpðt; yÞdy þ
Z Z
xð0Þ
g3ðt; j x y jÞpð0; yÞdy
þ
Z t
0
Z Z
xðsÞ
g3ðt  s; j x y jÞ
op
os
ðs; yÞdy
)
ds: ð49ÞWith due account taken of (45) and (46), we have g3ðt; rÞ ¼ T3ðrÞ for 0 6 t < c11 r and g3ðt; rÞ ¼ 0 for t > c13 r. Therefore,
after the initial stage of a motion the second integral in the right-hand side of (49) vanishes. Thus, the static term of the inte-
gral operator D is separated out:ðDpÞðt;xÞ ¼
Z Z
xðtÞ
T3ðj x y jÞpðt; yÞdy þ
Z t
0
Z Z
xðsÞ
g3ðt  s; j x y jÞ
op
os
ðs; yÞdyds: ð50ÞFurther, the representation (50) can be rewritten in the formðDpÞðt;xÞ ¼
Z Z
xðtÞ
T3ðj x y jÞpðt; yÞdy þ
Z t
0
Z Z
xðts0Þ
g3ðs0; j x y jÞ
op
oðt  s0Þ ðt  s
0; yÞdyds0: ð51ÞSuppose that the diameter of the contact area xðtÞ is less than the quantity Tc3, where T is the characteristic time of mo-
tion (for example, the duration of contact). Then, using the method developed by Argatov (2006), we can obtain the following
ﬁrst order approximation of the last integral in the right-hand side of Eq. (51):Z t
0
Z Z
xðtsÞ
g3ðs; j x y jÞ
op
oðt  sÞ ðt  s; yÞdyds ’
Z t
0
Z Z
xðtÞ
g3ðs; j x y jÞ
op
ot
ðt; yÞdyds: ð52ÞMoreover, the following formula holds:Z t
0
g3ðs; j x y jÞds ¼ 
#K0
c2
: ð53ÞHere, we used the notationK0 ¼ 12 1þ
c2
c1
 

Z 1
c2=c1
f12ðsÞdsþ
Z c2=c3
1
f23ðsÞds: ð54ÞThus, collecting (51)–(53), we obtain the following ﬁrst order asymptotic approximation:#1ðDpÞðt;xÞ ’
Z Z
xðtÞ
pðt; yÞ
j x y jdy 
K0
c2
Z Z
xðtÞ
op
ot
ðt; yÞdy: ð55Þ
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4.2. Asymptotic representation of the contact force
Substituting (55) into Eq. (43), we arrive at the following integral equation:#
Z Z
xðtÞ
pðt; yÞ
j x y jdy ¼ hðtÞ 
x21 þ x22
2R
þK0
c2
#
Z Z
xðtÞ
op
ot
ðt; yÞdy: ð56ÞDifferentiating both sides of Eq. (1), we obtain_QðtÞ ¼
Z Z
xðtÞ
op
ot
ðt; yÞdy þ
Z
CðtÞ
pðt; yÞvCðtÞds;where the last integral vanishes since pðt;xÞ ¼ 0 on the contour CðtÞ.
Thus, Eq. (56) takes the form#
Z Z
xðtÞ
pðt; yÞ
j x y jdy ¼ hðtÞ þ
K0
c2
# _QðtÞ  x
2
1 þ x22
2R
: ð57ÞEvidently, Eq. (57) corresponds to the static contact problem for a spherical punch indented into an elastic half-space, be-
cause the variable t appears in Eq. (57) as a parameter. By the Hertzian theory of contact (see e.g., Johnson, 1985), we readily
getQðtÞ ¼ 4
3p
#1
ﬃﬃﬃ
R
p
ðhðtÞ þK0c12 # _QðtÞÞ3=2: ð58ÞSubstituting the Hertzian approximation_QðtÞ ¼ 2
p
#1
ﬃﬃﬃ
R
p
hðtÞ1=2 _hðtÞinto the right-hand side of Eq. (58), we ﬁndQðtÞ ¼ 4
3p
#1
ﬃﬃﬃ
R
p
hðtÞ3=2 1þ 2K0
pc2
ﬃﬃﬃ
R
p
hðtÞ1=2 _hðtÞ
 3=2
: ð59ÞFinally, without loss of accuracy of the asymptotic model of the ﬁrst order we may replace Eq. (59) nonlinearly depending on
_hðtÞ with the following linearized relationship between QðtÞ and hðtÞ:QðtÞ ¼ 4
3p
#1
ﬃﬃﬃ
R
p
hðtÞ3=2 þ 3K0
pc2
ﬃﬃﬃ
R
p
hðtÞ _hðtÞ
 
: ð60ÞRecall that the coefﬁcient K0 is determined by formula (54).
Note that Eq. (60) represents a special case of the generalized Hertz impact/contact force model with a nonlinear damping
term (Gilardi and Sharf, 2002).
The ﬁrst order asymptotic approximation (60) is adequate for sufﬁciently slow variations in hðtÞ. This restriction depends
on the process of contact interactions under investigation. In order to describe conditions under which the approximation
(60) is valid we need to introduce dimensionless variables. In Section 4.3, we apply Eq. (60) to the impact problem and
use the corresponding dimensionless variables (63). In this case we can characterize the validity conditions of the asymptotic
approximation (60) in terms of the new small parameter b introduced by formula (65). Actually, the asymptotic approxima-
tion (60) is valid when b 1.
4.3. Subsonic impact of a heavy indenter
The relationship between the contact force and the displacement of the indenter is now taken in the form of Eq. (60).
Therefore, the motion of the indenter is governed by the equationm€h ¼ bh _h kh3=2; ð61Þ
where the coefﬁcient k is determined by formula (30),b ¼ 4K0
p2c2
#1R: ð62ÞLet us introduce the following dimensionless variables:u ¼ h
hHmax
; s ¼ V0
hHmax
t: ð63Þ
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Making use of the new variables (63), we rewrite Eq. (61) as follows:u00 þ buu0 þ 5
4
u
ﬃﬃﬃ
u
p ¼ 0: ð64Þ
Here we introduced the notationb ¼ ðh
H
maxÞ2
mV0
b; ð65Þ
¼ n2a2=5: ð66ÞObserve that the parameter a is determined by formula (19), whereas the dimensionless coefﬁcient n2 depends solely on
Poisson’s ratio of the elastic half-space. Using the computational results obtained by Robertson (1966) for k0 ¼ ð2=pÞK0,
we give Table 1.
In view of the relation (66), we conclude that the asymptotic representation (60) is valid only for small values of the
parameter a, i.e., in the case of a relatively heavy indenter. Moreover, the inﬂuence of the superseismic stage upon the sub-
sonic impact process under consideration may be neglected since the corresponding corrections are of order a2 as a! 0 (see
formulas (36) and (42)). Thus, we should impose the following initial conditions for Eq. (61):_hð0Þ ¼ V0; hð0Þ ¼ 0; ð67Þ
oru0ð0Þ ¼ 1; uð0Þ ¼ 0: ð68Þ
The problem (61), (67) was investigated numerically by Simonov and Flitman (1966). Let us construct an asymptotic solution
of the problem (64), (68) as b! 0.
Denotingp ¼ ðu0Þ2; ð69Þ
we reduce Eq. (64) to the following ﬁrst order differential equation:1
2
dp
du
 bu ﬃﬃﬃpp þ 5
4
u
ﬃﬃﬃ
u
p ¼ 0: ð70ÞHere the plus corresponds to the indentation phase and the minus is used in the rebound phase.
Note that the minus sign in Eq. (70) explains the known phenomenon that during the normal impact of an indenter on an
elastic half-space the loading and unloading curves form a hesteretic loop (Wu et al., 2005).
In order to get an approximate solution of Eq. (70), we putp ¼ p0 þ bp1 þ oðbÞ: ð71Þ
Substituting (71) into Eqs. (70), (68) and equating like powers of b, we arrive at the recurrent systemdp0
du
¼ 5
2
u
ﬃﬃﬃ
u
p
; p0ju¼0 ¼ 1; ð72Þ
dp1
du
¼ 2u
ﬃﬃﬃﬃﬃ
p0
p
; p1ju¼0 ¼ 0: ð73ÞIntegration of Eq. (72) leads to the Hertzian energy balancep0 ¼ 1 u5=2: ð74Þ
Substituting (74) into the right-hand side of Eq. (73)1, we obtain in the indentation phase the following problem:dp1
du
¼ 2u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=2
p
; p1ju¼0 ¼ 0: ð75ÞIntegrating Eq. (75) and applying the initial condition (73)2, we obtainp1 ¼ 2
Z u
0
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x5=2
p
dx: ð76ÞIn order to ﬁnd the peak indentation depth, we putumax ¼ 1 bu0 þ oðbÞ: ð77Þ
From the equation p0 þ bp1ju¼umax ¼ 0 and formulas (74) and (76), we derive the following equation:1 u5=2max  2b
Z umax
0
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x5=2
p
dx ¼ 0: ð78Þ
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Z 1
0
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x5=2
p
dx ¼ 20
ﬃﬃﬃ
p
p
39
Cð4=5Þ
Cð3=10Þ  0:3537: ð79ÞSince pð1 bu0Þ ¼ oðbÞ as b! 0, we havep0ð1Þ þ b p1ð1Þ  u0 dp
0
du
ð1Þ
 !
¼ oðbÞ: ð80ÞFrom Eq. (80), the following initial conditions for the rebound phase can be derived:p0ju¼1 ¼ 0; p1ju¼1 ¼ u0
dp0
du
ð1Þ: ð81ÞIt is obvious that formula (74) gives a solution of the problem (72)1, (81)1. Thus, we arrive at the problemdp1
du
¼ 2u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=2
p
; p1ju¼1 ¼ 
5
2
u0: ð82ÞIntegrating (82), we obtainp1 ¼ 5
2
u0  2
Z 1
u
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x5=2
p
dx: ð83ÞDuring the rebound phase, the indenter accelerates away from the elastic body until the contact force QðtÞ decreases to zero.
Hence, in accordance with Eq. (61), the condition of discontinuation of contact between the indenter and the elastic body has
the form €h ¼ 0, or, in view of the relation (67), dp=du ¼ 0.
We emphasize that the contact is discontinued at h0 > 0, i.e., before the boundary points of the elastic body revert to their
undisturbed state. Thus, substituting the right-hand sides of Eqs. (72)1 and (82)1 into the equationdp0
du
þ bdp
1
du
 
ju¼u1 ¼ 0;we arrive at the following equation:5
2
u3=21 þ 2bu1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u5=21
q
¼ 0: ð84ÞThe leading term of the asymptotic solution of Eq. (84) as b! 0 has the formu1 ¼ 1625 b
2: ð85ÞThe duration of impact T is given byV0
hHmax
T ¼
Z umax
0
duﬃﬃﬃ
p
p 
Z u1
umax
duﬃﬃﬃ
p
p : ð86ÞUsing (71), (74) and (76), we getZ umax
0
duﬃﬃﬃ
p
p ¼ umax
Z 1
0
1 u5=2maxx5=2  2b
Z umaxx
0
n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n5=2
q
dn
 1=2
dxþ oðbÞ:Taking into account formulas (77) and (79)1, we obtainZ umax
0
duﬃﬃﬃ
p
p ¼ 1þ 1
5
I1b
 Z 1
0
1 x5=2 þ 2b
Z 1
x
n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n5=2
q
dn
 1=2
dxþ oðbÞ:Finally, denotingI2 ¼
Z 1
0
ð1 x5=2Þ3=2
Z 1
x
n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n5=2
q
dndx; ð87Þwe ﬁndZ umax
0
duﬃﬃﬃ
p
p ¼ I0 þ 15 I0I1  I2
 
bþ oðbÞ: ð88ÞNote that it can easily be checked that the integral (87) is convergent and I2  0:3129.
Now, using formulas (71), (74), (83) and (85), we get
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u1
duﬃﬃﬃ
p
p ¼
Z umax
0
1 u5=2  5
2
bu0  2b
Z 1
u
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x5=2
p
dx
 1=2
duþ oðbÞ:Similar to (88), we obtainZ umax
u1
duﬃﬃﬃ
p
p ¼ I0 þ 15 I0I1 þ I2
 
bþ oðbÞ: ð89ÞCollecting (86), (88) and (89), we ﬁndT
TH
¼ 1þ 1
5
I1bþ oðbÞ; b! 0; ð90Þwhere TH is given by formula (38).
The absolute value of the rebound velocity V1 of the indenter can be determined from Eqs. (63), (69) as follows:V1
V0
¼ ﬃﬃﬃpp ju¼u1 : ð91Þ
Substituting (71), (74), (83), and (85) into (91), we ﬁndV1
V0
¼ 1 2I1bþ oðbÞ: ð92ÞEvidently, we have V1 < V0, because the indenter transfers energy to the half-space. Observe that formula (92) gives an
approximation for the coefﬁcient of restitution.
In view of formulas (66) and (19), the asymptotic relation (92) can be rewritten in the form 1 ðV1=V0Þ  2I1n2a2=5,
where a2=5 ¼ ðpqR3=mÞ1=5ðV0=c1Þ3=5, as a! 0. The obtained result is analogous to that derived by Hunter (1957) from the
theory of Miller and Pursey (1955).
5. Modeling of the low velocity impact of an elastic sphere on an elastic half-space
5.1. Governing equations
We assume that contact deformations of an elastic sphere can be described by the Hertz theory whereas for describing
contact deformations of an elastic half-space we apply the asymptotic model constructed in the previous section. Thus, in
accordance with formula (55) we have the following integral equations:ð#þ #1Þ
Z Z
xðtÞ
pðt; yÞ
j x y jdy ¼ hðtÞ 
x21 þ x22
2R
þK0
c2
#
Z Z
xðtÞ
op
ot
ðt; yÞdy: ð93ÞHere, #1 ¼ ðpE1Þ1ð1 m21Þ; E1 and m2 are Young’s modulus and Poisson’s ratio of the elastic sphere.
From Eq. (93), it follows thatQðtÞ ¼ 4
3p
ﬃﬃﬃ
R
p
#þ #1 hðtÞ þK0c
1
2 #
_QðtÞ
 3=2
: ð94ÞUsing the asymptotic approach developed in Section 4.3, we derive from Eq. (94) the following linearized relationship be-
tween the contact force QðtÞ and the penetration hðtÞQðtÞ ¼ 4
3p
ﬃﬃﬃ
R
p
#þ #1 hðtÞ
3=2 þ 3K0
pc2
#
#þ #1
ﬃﬃﬃ
R
p
hðtÞ _hðtÞ
 
: ð95ÞIn accordance with Eq. (95), the motion of the elastic indenter is governed by the equationm€hþ bh _hþ kh3=2 ¼ 0 ð96Þ
with the initial conditions_hð0Þ ¼ V0; hð0Þ ¼ 0: ð97Þ
Here we introduced the notationk ¼ 4
3p
ﬃﬃﬃ
R
p
#þ #1 ; b ¼
2k0
pc2
#R
ð#þ #1Þ2
; ð98Þwhere the calculation values of the coefﬁcient k0 ¼ ð2=pÞK0 are listed in Table 1.
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It is clear that the asymptotic formulas obtained in Section 4.3 remain valid for the problem (96), (97). Thus, the main
parameters of impact are determined by the approximate formulasTable 1
Variatio
m
k0
n2
Note thhmax
hHmax
¼ 1 4
5
I1b; ð99Þ
T
TH
¼ 1þ 1
5
I1b; ð100Þ
V1
V0
¼ 1 2I1b; ð101Þwhere I1 is the integral (79), h
H
max and T
H are given by the Hertz formulas (I0 is the integral (39))hHmax ¼
5mV20
4k
 !2=5
; TH ¼ 2I0 h
H
max
V0
:The parameter b is determined by formula (65) or by the formulab ¼ 5
4k
 4=5 V3=50 b
m1=5
; ð102Þwhere k and b are given by formulas (98).
The parameter a is now determined as follows:a ¼
ﬃﬃﬃ
3
p
2
ﬃﬃﬃﬃﬃ
q
q1
r
V0
c1
 3=2
; ð103Þwherec1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eð1 mÞ
qð1 2mÞð1þ mÞ
s
:Formulas (99)–(103) constitute the asymptotic model of low velocity impact of an elastic sphere on an elastic half-space.
5.3. Numerical results and discussion
The kinetic energy dissipation occurring during an impact can be evaluated by the kinetic energy loss ratio
k ¼ 1 ðV1=V0Þ2. From formula (101), we derive the approximate formulak ¼ 4I1b: ð104Þ
In order to compare our results with the numerical results obtained by Wu (2001) and Wu et al. (2005), we take R ¼ 10 mm
and the following typical parameters for alloy steels: E ¼ 208 GPa, m ¼ 0:29; q ¼ 7850 kg=m3. From Table 1, we get
k0 ¼ 0:785.
Hunter (1957) for the ﬁrst time investigated the energy losses due to elastic wave propagation accompanying an impact
of an indenter on a large elastic target and obtained the following formula in the case of impact of a steel ball on a large block
of steel:kH ¼ 1:04 V0c0
 3=5
: ð105ÞHere, c0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðE=qÞp is the speed of longitudinal elastic waves along a thin rod of the target material.
On the basis of FEM simulations, Wu (2001) constructed the following formula:kW ¼ 1:23 V0c0
 3=5
: ð106Þn of the coefﬁcient n2 for some common Poisson ratios
0 0.10 0.25 0.30 0.33 0.36 0.40 0.44 0.50
0.856 0.825 0.790 0.784 0.783 0.783 0.788 0.801 0.836
1.829 1.865 2.019 2.128 2.221 2.344 2.593 3.051 1
at n2 approaches 1 as m approaches 0.5, because c21=c22 ¼ 2ð1 mÞ=ð1 2mÞ ! 1 as m! 0:5.
Table 2
Material constants
Case E (GPa) E1 (GPa) m m1 q (kg/m3) q1 (kg/m
3) Comment
A 380 615 0.24 0.22 3200 17,000 Al2O3 WC
B 210 210 0.30 0.30 7800 7800 Steel–steel
C 70 450 0.25 0.17 2700 3200 Al–SiC
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Compar
V0 (m/s
Case A
0.5
1.0
2.0
5.0
10.0
25.0
50.0
100.0
Case B
0.5
5.0
50.0
Case C
0.5
5.0
50.0kA ¼ 1:13 V0c0
 3=5
: ð107ÞIt is readily seen that our result (107) is placed between the results (105) and (106).
In order to determine the accuracy of the constructed asymptotic model of impact, comparisons were made with solu-
tions obtained by Andersson and Nilsson (1995) using FEM simulations and the perturbation method. Three different cases
of the material in both sphere and half-space has been considered. These cases are denoted A
ðk0 ¼ 0:797; b 6 0:043; a 6 0:0003Þ, B ðk0 ¼ 0:784; b 6 0:049; a 6 0:0007Þ, and C ðk0 ¼ 0:790; b 6 0:091; a 6 0:0007Þ
and the data used are listed in Table 2.
For comparison, the maximum indentation depth has been calculated and the results obtained are displayed in Table 3.
As can be seen, the constructed asymptotic model provides accurate results for velocities in the range of 100 m/s. The
difference is quite negligible for cases A and B, whereas in case C the difference is larger, because the error depends on
the value of the parameter b.
6. Conclusions
An asymptotic modeling of the impact of a spherical indenter on an elastic half-space has been presented. The inﬂuence of
the superseismic stage of impact upon the governing equations describing the motion of the indenter in the context of the
Hertzian impact theory has been investigated. The ﬁrst order asymptotic model of the subsonic motion of the spherical in-
denter in the indentation and rebound phases has been constructed. Explicit formulas for the peak indentation depth, the
time the indenter is in contact with the elastic body, and the rebound velocity of the indenter have been provided.
A dimensionless parameter, a, was introduced to evaluate the inﬂuence of the superseismic stage of impact upon the
overall impact process. Observe (see formula (19)) that the parameter a is a product of two other dimensionless parameters
ðpqR3=mÞ1=2 and ðV0=c1Þ3=2. It is interesting that the correction term in the asymptotic model of low velocity impact derived
in the different context also explicitly depends on the parameter a.
Based on the presented results of asymptotic analysis and modeling, the following main conclusions can be drown from
this study.
1. For large values of the parameter a, the superseismic stage plays a signiﬁcant role in the impact process and the Hertzian
formulas should be used with caution.ision with the numerical and perturbational solutions obtained by Andersson and Nilsson (1995)
) hFEMmax ðlmÞ hPert:max ðlmÞ hHmax ðlmÞ hmax ðlmÞ Diff. %
1.95 1.95 2.03 2.03 4.10
3.45 3.45 3.53 3.53 2.32
6.15 6.15 6.15 6.14 0.16
12.75 12.75 12.80 12.77 0.16
22.20 22.20 22.28 22.21 0.05
46.05 46.20 46.37 46.12 0.15
79.80 80.50 80.74 80.08 0.35
138.15 138.10 140.57 138.84 0.45
1.95 1.95 2.02 2.02 3.59
12.60 12.67 12.73 12.69 0.71
78.90 80.30 80.33 79.21 0.39
1.65 1.65 1.79 1.78 7.88
10.50 10.50 11.26 11.19 6.57
66.30 66.35 71.06 69.23 4.41
5048 I.I. Argatov / International Journal of Solids and Structures 45 (2008) 5035–50482. For small values of the parameter a, the inﬂuence of the superseismic stage upon the impact process in whole may be
reasonably neglected. The effect of wave propagation on the rebound velocity can be estimated in the frame of the devel-
oped asymptotic model of low velocity impact.
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